Lamb waves are attracting significant attention in the nondestructive evaluation for plate structures due to their capability to propagate long distances. In this study, the nonlinear interaction of Lamb waves with an imperfect joint of elastic plates is numerically investigated. In particular, the second harmonic generation behavior from the joint is examined by perturbation analysis. The imperfect joint is modeled as a spring-type interface with quadratic nonlinearity, and the perturbation analysis is carried out using the hybrid finite element method (HFEM). For the incidence of the lowest-order symmetric (S0) Lamb mode below the cut-off frequencies of the higher-order modes, the double-frequency S0 mode is generated from the imperfect joint due to the nonlinear interaction. A nonlinear parameter calculated from the amplitude of the second harmonic S0 mode shows a sharp peak at a certain incident frequency. The peak frequency increases with increasing interfacial stiffness, and the double of the peak frequency corresponds to the resonance frequency of the imperfect joint subjected to the S0 mode incidence. This result shows that the resonance of the imperfect joint leads to the amplification of the second harmonic S0 mode.
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INTRODUCTION
Ultrasonic waves are widely utilized in the area of the nondestructive evaluation and the health monitoring of various structures. When a crack-type defect is subjected to compressive loading, the partial contact of the crack surfaces often occurs and gives rise to difficulty in detecting the defect by the conventional ultrasonic method based on the reflection and transmission characteristics. To enhance the sensitivity to closed defects, nonlinear features of ultrasonic waves interacting with a contacting interface were extensively explored in previous studies. 1, 2 Lamb waves, which are guided waves in plates, provide an effective means of the nondestructive evaluation for plate structures because they can propagate relatively long distances. The reflection and transmission behavior of the Lamb wave at a butt-type imperfect joint of plates, such as an adhesive joint and a contacting interface, was investigated theoretically and experimentally in foregoing studies. [3] [4] [5] [6] The detection of a closed crack based on the nonlinear behavior of the Lamb wave, such as higher harmonic generation from the crack surfaces, was carried out in previous studies. 7, 8 However, fundamental aspects of the nonlinear interaction of Lamb waves with an imperfect joint have not been sufficiently revealed yet. The objective of this paper is to examine the second harmonic generation behavior from an imperfect joint of elastic plates subjected to the Lamb wave incidence. To this purpose, the perturbation analysis 9 is performed using the hybrid finite element method (HFEM). 
PERTURBATION ANALYSIS A. NUMERICAL MODEL
As shown in Fig. 1 , linear elastic and homogeneous plates of thickness d are imperfectly jointed at x1 = 0 in the x1-x2 coordinates. The plates are under the plane-strain condition in the x1-x2 plane, and the imperfect joint is subjected to the incidence of the Lamb wave propagating in the x1 direction. In this paper, the lowest-order symmetric (S0) mode is used as the incident wave. The propagation behavior of the Lamb wave is governed by two-dimensional Navier's equation
where t is time, uα(x1, x2, t) is the displacement component (α = 1, 2), and cL and cT are the velocities of the longitudinal and transverse waves, respectively. Two-dimensional summation convention is applied to the repeated Greek index γ in Eq. (1). On the plate surfaces |x2| = d/2, the traction-free boundary condition is applied, i.e. σα2 = 0, where σαδ(x1, x2, t) is the stress component (α, δ = 1,2). The imperfect joint x1 = 0 is modeled as a spring-type interface with quadratic nonlinearity, which yields the interfacial stress components using the displacement discontinuity [uα] = uα(0 + , x2, t) − uα(0 − , x2, t) at the interface as where KN and KT are normal and tangential stiffnesses, respectively, and β is the quadratic coefficient. In this study, only the quadratic term with respect to [u1] is considered because the in-plane displacement of the S0 mode is dominant compared to the out-of-plane displacement. The interfacial parameters are assumed to be uniform in the thickness (x2) direction. In the frequency domain, Eq. (1) is solved under the assumption of sufficiently weak nonlinearity βA0 << 1, where A0 is the displacement amplitude of the incident wave. The displacement field is expressed as the combination of the fundamental wave and the second harmonic
where uα F and uα S denote the displacements of the fundamental wave and the second harmonic, respectively. The displacement field of the fundamental wave uα F is obtained from Eq. (1) for angular frequency ω0 = 2πf0 with a linearized boundary condition of the imperfect joint (β = 0). The solution of the second harmonic uα S is derived from Eq. (1) for double angular frequency 2ω0 with a boundary condition
at x1 = 0, where [u1 F ] denotes the interfacial displacement gap induced by the fundamental wave. For each angular frequency ω0 = 2πf0, the displacement fields of the fundamental wave and the second harmonic are calculated in the above procedure. A low frequency range f0d/cT < 0.5 in which only the lowest-order symmetric (S0) and antisymmetric (A0) Lamb modes can propagate is considered in this study.
B. HYBRID FINITE ELEMENT METHOD (HFEM)
The interaction of the Lamb wave with the imperfect joint is analyzed by hybrid finite element method (HFEM). 3 In the formulation of the HFEM, a bounded region |x1| < L/2 is discretized by finite elements, while the displacement fields in the semi-infinite regions |x1| > L/2 are expressed as the superposition of different Lamb modes. The continuity condition of the displacement and stress components is applied at |x1| = L/2 and the amplitudes of the reflected and transmitted Lamb modes are calculated. In the present study, square-shaped four-node isoparametric elements with side length d/20 were used for the discretization of the region |x1| < L/2. The length of the bounded area L was set as L = d/2, and six symmetric and six antisymmetric Lamb modes were considered for the modal expansion in |x1| > L/2. The total number of the nodes and the elements were 252 and 200, respectively. The material property of aluminum alloy (cL = 6.40 km/s, cT = 3.17 km/s, and ρ = 2.70×10 3 kg/m 3 ) was used in the numerical analysis, where ρ denotes the mass density. The stiffness ratio KT/KN was fixed as KT/KN = 0.3 for simplicity, and the product of the quadratic coefficient β and the incident displacement amplitude A0 was set as βA0 = 0.01 in this analysis.
NUMERICAL RESULTS
The perturbation analysis using the HFEM was performed for three normal stiffnesses KNd/μ = 0.5, 2, and 4, where μ = ρcT 2 is the shear modulus of the plate. The amplitude of the normal displacement gap at the interface induced by the fundamental wave |[u1 F ]| is shown as a function of the normalized incident frequency f0d/cT in Fig. 2 . The displacement gap is normalized by the incident displacement amplitude A0. For each normal stiffness, the displacement gap increases monotonically with increasing incident frequency. Based on these results, the amplitude of the second harmonic S0 mode transmitted across the imperfect joint A1 is obtained from the in-plane displacement u1 on the middle surface of the plate x2 = 0. In the perturbation analysis, the second harmonic amplitude A1 is proportional to the square of the incident amplitude A0
2 . Thus a nonlinear parameter η = A1/( βA0 2 ) is calculated from the second harmonic amplitude at each incident frequency, as shown in Fig. 3 . In a sufficiently low frequency range, the nonlinear parameter η increases monotonically with increasing incident frequency. However, a sharp peak appears at a certain incident frequency around f0d/cT = 0.4, which varies with the normal stiffness KNd/μ. This peak frequency Fn tends to increase as the normal stiffness increases. To discuss the amplification of the second harmonic, the peak frequencies of the nonlinear parameter Fn are plotted for different normal stiffnesses in Fig. 4 . It has been shown in the linear analysis 4 that an imperfect joint of plates subjected to the S0 mode incidence has two resonance frequencies depending selectively on the normal and tangential stiffnesses. In Fig. 4 , the half of the resonance frequency depending on the normal stiffness Fr/2 is shown together as a function of the normalized normal stiffness. The resonance frequency increases with increasing normal stiffness, and the peak frequency of the nonlinear parameter Fn shows in agreement with the half resonance frequency. For the incidence of the S0 mode at frequency f0, the vibration of the double frequency 2f0 induced at the imperfect joint due to the nonlinear interaction is symmetric with respect to the middle surface of the plate x2 = 0 because of the symmetric property of the incident S0 mode. When the double frequency 2f0 corresponds to the resonance frequency of the imperfect joint, the resonance occurs and the generated S0 mode of frequency 2f0 is amplified. Since the vibration at the double frequency 2f0 is generated only in the normal direction of the interface, the nonlinear parameter shows only a single peak in Fig. 3. 
CONCLUDING REMARKS
In this study, the second harmonic generation from an imperfect joint of elastic plates subjected to the Lamb wave incidence has been examined by perturbation analysis. The imperfect joint has been modeled as a nonlinear spring-type interface, which expresses the interfacial stress components as quadratic polynomials with respect to the interfacial displacement discontinuities. The displacement field has been expressed as the superposition of the fundamental wave and the second harmonic, and each wave field has been obtained in the frequency domain by the hybrid finite element method (HFEM). For the incidence of the lowest-order symmetric (S0) mode below the cut-off frequencies of the higher-order modes, it has been shown that a nonlinear parameter calculated from the amplitude of the second harmonic S0 mode takes a sharp peak at a certain incident frequency. This peak frequency increases with increasing interfacial stiffness. The results of the linear analysis have indicated that the resonance behavior of the imperfect joint leads to the amplification of the second harmonic S0 mode.
